We present compact, analytic expressions for the age-redshift relation τ (z) for standard Friedmann-Lemaître-Robertson-Walker (FLRW) cosmology. The new expressions are given in terms of Legendre elliptic integrals and evaluate much faster than by direct numerical integration.
Introduction
Since Type Ia supernova observations by Schmidt et al. (1998) and Perlmutter et al. (1998) have favored a Universe with Λ = 0, interest in FLRW cosmologies has grown. For this family of models most observational relations, e.g., the Hubble curve, are given by integral expressions; however, Kantowski & Kao (2000) recently succeeded in giving useful analytic distance-redshift relations for them. In this paper we extend these analytic results to include the age-redshift relation τ (z). These new expressions are useful for any computation that requires a transformation τ (z) from the observed redshift variable z to the age τ of the Universe at that z. Feige (1992) provides related light travel times in terms of elliptic integrals; however, his expressions are not easy to make use of. A presentation closer to what we give appears in Edwards (1972) . There, light travel time as a function of redshift is only given for the Ω 0 = 1 universe, see (17) . For all other cases, τ and z are given parametrically as functions of conformal time ω ≡ dt/R(t), but ω is not eliminated to obtain τ (z). Here we present a transparent and useful result for τ (z) appropriate for everything from gravitational lensing to high z evolution studies. In §2 we present our results and in §3 some conclusions. 1
Age of the Universe in Terms of Legendre Elliptic Integrals
The expression for the age of the Universe at the time a source at redshift z emits light is 1 FORTRAN 90 and Mathematica implementations of the results presented here are available at http://www.nhn.ou.edu/˜thomas/z2t.html.
and can easily be derived. When Ω Λ = 0 this can be integrated in terms of elementary functions,
This expression is also valid for the limit Ω m → 1 and when Ω m > 1. However, when Ω Λ = 0, (1) becomes an incomplete elliptic integral and can at best be expressed as a combination of the three independent Legendre elliptic integrals F (φ, k), E(φ, k), and Π(φ, α 2 , k). 2 The form of the resulting expression depends on what portion of the Ω m -Ω Λ plane is being investigated. Because the cubic under the radical in (1) is the same as that contained in integrals for the luminosity distance as given by Kantowski & Kao (2000) and Kantowski (1998) a similar analysis is required. Below we outline results, hoping to make our expressions easy to use.
This parameter divides the Ω m -Ω Λ plane (see Fig. 1 ) into four domains where the results of integrating (1) differ. We will ignore one of these domains, the one where Big Bangs do not occur.
In the following we use the familiar parameter κ ≡ sign(Ω 0 − 1), the sign of the 3-curvature of the FLRW model, to distinguish between open and closed models. When b < 0, κ = −1 and when b > 0, κ = +1. Results for special boundaries other than Ω Λ = 0, i.e., (2), are given in subsection B below. The three special boundaries are: b = ±∞ (i.e., Ω 0 ≡ Ω m + Ω Λ = 1), b = 2, and b = 27(2 + √ 2)/8.
1.
Results for the two large domains, b < 0 and 2 < b, can be combined by defining intermediate constants v κ , y 1 and A:
A ≡ y 1 (3y 1 + 2).
2 Only two of the three are needed to give τ (z) and they are defined by:
The particular integrals needed can be found in Byrd & Friedman (1971) .
These constants depend on b alone and are only introduced for convenience of presentation. For this case we give two expressions for the integral (1). Both are valid except for special combinations of Ω m , Ω Λ , and z. If one fails the other can be used. These expressions fail when Π(φ, α 2 , k) and the logarithm have canceling infinities. Both can simultaneously fail only when Ω m , Ω Λ values are on the b = 27(2 + √ 2)/8 curve and then only for a specific value of z (see Figs. 2 and 3 ). This special b case is given in (19) and is good for any z. The first expression is:
where
The second expression is:
In both cases k and φ z are defined by:
In (7) and (9) the z dependence of τ is contained in φ z , h ∓ z , and h z . All other terms depend on Ω m and Ω Λ , and are easily evaluated using (3)-(6). In Figures 2 and 3 the dotted lines show points where the first expression (7) fails for z = 1 and z = 2 respectively. Failure of the second expression (9) is shown by the dashed lines. Notice that these curves always intersect somewhere on the b = 27(2 + √ 2)/8 curve for a common redshift.
2. If 0 < b ≤ 2, we define the three different intermediate parameters y 1 , y 2 and y 3
For this case (1) integrates to give
where k and φ z are defined by
In (14) the z dependence of τ is contained in φ z . All other terms depend on Ω m and Ω Λ , and are easily evaluated using (3) and (13). There are two domains in the Ω m -Ω Λ plane where 0 < b ≤ 2; however, the result for this case (14) applies only to those models which have Big Bangs.
B. Special Cases
This is the spatially flat model (b → ±∞) and for it the age-redshift integral takes on a simpler form. This result is easily obtained using elementary integration methods. We include the result for completeness:
This result is equivalent to the b = 2 value given in (14); however, it is a much simpler expression,
This result is equivalent to the values given by (7) and (9) except at certain redshifts where canceling infinities appear in Π(φ, α 2 , k) and the respective logarithms. For this particular b, (1) results in a simpler expression, valid for all z:
and
Conclusions
We have given analytic expressions for τ (z) in FLRW, the age of the Universe as a function of redshift, which are relatively simple and are quite useful when a fast computer implementation is needed. 3 If look back times are wanted they can additionally be obtained from results given here by simply evaluating τ (0) − τ (z). Even though there are several expressions for τ (z), most of the (Ω m , Ω Λ ) plane, which includes currently favored values, is covered by case A1, i.e., results (7) and (9). If τ (z) for the flat model, Ω 0 = 1, is wanted, the simpler result (17) should be used. Results for Ω 0 = 1, (7), (9), and (14), appear complicated because of the presence of extra constants, e.g., A and y 1 that have been introduced to compactify formulas. The reader should keep in mind that these are simply constants that depend on (Ω m , Ω Λ ) through the single combination b of (3).
Expressions (7) and (9) for τ (z) remain real but as presented can contain imaginary terms. The threshold is defined by 1 − α 2 sin 2 φ z = 0 in Π(φ z , α 2 , k). If 1 − α 2 sin 2 φ z < 0 canceling imaginary terms appear in Π(φ z , α 2 , k) and the logarithm. For expressions that avoid this imaginary complication the reader simply replaces the argument of the logarithm with its magnitude and Π(φ z , α 2 , k) with its principal part. At threshold points where 1−α 2 sin 2 φ z = 0, canceling infinities appear in Π(φ z , α 2 , k) and the logarithm. The infinity problem is avoided by switching between (7) and (9). If both have infinities then (19) gives the correct result. They are 20-40 times faster than a traditional Bulirsch-Stoer integrator Press et al. (1994) . (7) and (9) fail for redshift z = 1. Equation (7) fails along the dotted curve and (9) fails along the dashed curve. Both fail where they intersect on the b = 27(2 + √ 2)/8 curve; however, (19) gives the τ (z) value at any point on this curve for all redshifts. 
